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Abstract

We consider a horizontal rectangular piece of layer of viscous inhomogeneous fluid, bounded below by a rigid p
above by a free surface with lateral periodicity conditions. In the presence of gravity and surface tension, the fluid
many nonhomogeneous rest states each of which corresponds to a given vertical density distribution. We study some stabilit
properties of a rest state with plane free boundaryΓ , corresponding to the given (large potential) gravitational force, g
volumeV , and given massM , in the class of motions deriving by perturbations of initial data into the same volumeV and
having the same total massM .

We assume the existence of global smooth nonsteady flows and study the control in time for theL2 norms of perturbations
to velocity, density, and height, in terms of their values at initial time. In the class of linear basic density profiles, we s
problem of stability in the mean. The model does not admit a decay in time for the density, nevertheless, we prove a
zero for theL2 norm of the velocity gradient and height gradient along a sequence of times. Furthermore, if we do not
the initial density then we can prove that more regular norms of perturbations tovelocity, density, and height are bounded
all times. Finally, for the homogeneous basic density distribution, the asymptotic decay to zero of these more regular
perturbations to velocity, density, and height takes place.
 2004 Elsevier SAS. All rights reserved.

1. Introduction

Let us consider a horizontal layer of viscous heavy fluid with variable density and free upper surface, and let u
the vertical axisx3 upward. As well known, in this case there exist numerous rest states with different density distrib
The character of this equilibrium strongly depends on the distribution of density through the layer. Actually, even though
pressure is always decreasing inx3, it is possible to assume that the distribution of density is increasing with height, in
case the so-called Rayleigh–Taylor instability arises. The problem has been studied from linear point of view in [1,2]. Recently
Padula and Solonnikov [3] proved nonlinear exponential decay of the perturbations to the rest state for the case when
is filled by incompressible homogeneous fluid or by isothermal fluid in the presence of gravitational force only (see als

Nonlinear stability of rest for incompressible heterogeneous fluids remains still an open problem, and in this note w
this case. Our point of view is that the model of inhomogeneous fluids has physical draws back. Indeed, we point ou
contradictory aspects and mathematical difficulties arising inthis problem, and give a physicalexplanation of them. At first
we prove that the rest state admits only flat free surfaces, then we exhibit different rest states (with different press
densities profiles) in a fixed cell of layer, having given volumeV , and filled by inhomogeneous fluid with the given massM .
A priori, there is no way to prefer one to another, even in the class of densities and pressures decreasing with heigh
picture of such rest states is a stratification of several (horizontal) plane layers each of which is constituted by a homogen
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fluid: they satisfy the same boundary and side conditions, and therefore constitute an example of nonuniqueness in the class of
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steady flows. As a consequence of nonuniqueness of a rest state, there is no hope to obtain asymptotic stability of any ba
rest state. We consider the evolution problem arising when we perturb the rest state. Notice that any initial density fieldρ0 may
be considered as perturbation to a linear decreasing basic density field. Therefore, it is always possible to fix as bas
distribution a decreasing linear function of the vertical variablex3. In this note, we provide a control in time for theL2 norms
of perturbations to velocity, density, and height by their values at initial time.

Precisely, we set free boundary problem for a inhomogeneous incompressible fluid in a way similar as that propos
and provide a control ofL2-norms of perturbations to the variables of the motion for all time instant (stability in the mean).
we prove decay to zero for theL2 norm of the velocity gradient and height gradient along a sequence of times. Furthe
for the sufficiently small perturbations to initial density, we show that more regular norms of perturbations to velocity, d
and height are bounded for all times.

Notice that, in a horizontal layer of inhomogeneous heavy fluid it is physically expected decay to rest for perturba
velocity and height. Here, we first prove decay to zero of theL2 norm of velocity through a sequence of times. Then we ded
decay to zero of perturbations to the height by noticing that the limit motion is again the rest.

Our uniqueness and stability method employs the ideas developed in [3,5,6] where a generalized energy fun
introduced. However, in this case, the equation of conservation of mass can no more be combined with dissipative effec
into the momentum equation, because the pressure is an independent term, and the density is constant through ma
This can be a physical explanation of the fact that in the energy inequality does not appear any dissipative term correspon
to variation of density.

We are not going to present here a global in time existence result, in this connection, we mention that a local in time e
theorem for the problem under consideration is now in preparation.

The motion of incompressible fluids with varying densities in domains with fixed boundaries in the case of small externa
forces is considered in [7–14], e.g., We remark also the results of Simon, [12], concerning existence of solutions in
domains with rigid connected boundaries in the case of large external forcesf, summable in time. To our knowledge, in th
case of constant external forces (like thegravity!) stability in the mean of the rest forinhomogeneous incompressible fluids, say
control of a solution in a weak norm by initial data, for allt ∈ (0,∞), is not yet known.

2. The rest state

We consider a horizontal layer of incompressible inhomogeneous fluid bounded below by a rigid plane and assum
upper surface is free. Letx1, x2 be the axes on the rigid plane andx3 be the axis towards the upper surfaceΓ . In this case
the gravitational force can be written in the formf = −g∇x3. We consider the periodic problem with respect to the varia
x′ = (x1, x2), denote the periodicity cell byΣ , and assume that the free surfaceΓ can be posed by the equationx3 = ζ(x′). At
first we consider the rest state with zero velocity and plane free boundary for the following problem

ρu · ∇u − µ�u = −∇p − ρg∇x3 in Ω = {
(x′, x3) | x′ ∈ Σ, 0 < x3 < ζ(x′)

}
,

∇ · u = 0, x ∈ Ω,

∇ · (ρu) = 0, x ∈ Ω,

u · n |Γ = 0,

T(x′, ζ )n |Γ = (αH− pe)n |Γ ,

u(x′,0) = 0,∫
Ω

ρ(x)dx = M, |Ω| = V,

(2.1)

whereT = −pI + 2µD is the stress tensor,

D = ∇u + ∇uT

2
,

I is the unit matrix,µ andα are positive constants shear viscosity and surface tension respectively,n |Γ = n(x′, ζ(x′)) is the
unit outward normal on the free boundary,H is the double mean curvature ofΓ which is negative for convex domains and
given by the formula

H = ∇′ ·
( ∇′ζ√

1+ |∇′ζ |2
)

,

here∇′ is the gradient with respect tox′. The positive constants g andpe are the gravity constant and the external press
respectively.
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It is easy to check thatu = 0, ρb = ρb(x3), ζb = h = V/|Σ |, pb(x3) = g
∫ h
x3

ρb(s)ds + pb(h) with pb(h) = pe is a

r

ve, both

onding to

y
s

particular solution of system (2.1). We shall call this solution the basic flow.
By W

k,2
� (Ω) we denote a Sobolev function space with the norm

‖f ‖
W

k,2
� (Ω)

=
( ∑

|j |�k

∫
Ω

∣∣Djf (x)
∣∣2 dx

)1/2
,

symbol� means periodicity. We introduce the regularity class

Vs := {
p(x′, x3),u(x′, x3), ζ(x′), ρ(x′, x3) ∈ C1

� (Ω) × W
1,2
� (Ω) × W

1,1
� (Σ) ∩ L∞

� (Σ) × C�(Ω)
}
.

We prove that in the classVs problem (2.1) admits only basic rest states.

Theorem 1. Any regular solution(p,u, ζ, ρ) ∈ Vs of problem(2.1)satisfies the following relations

u = 0, p = p(x3), ρ = ρ(x3).

Furthermore, the free boundary is the plane described by the equationζ(x′) = V/|Σ | = h.

Proof. We multiply Eq.(2.1)1 by u, integrate overΩ , and arrive at∫
Ω

ρ(u · ∇)u · u dx − µ

∫
Ω

�u · u dx = −
∫
Ω

∇p · u dx −
∫
Ω

ρg∇x3 · u dx.

Taking into account that∇ · u = 0, ∇ · (ρu) = 0, we integrate by parts and obtain

1

2

∫
Γ

ρ|u|2u · n ds + 2µ

∫
Ω

D : D dx −
∫
Γ

u · Tn ds = g

∫
Γ

ζρu · n ds. (2.2)

Together with boundary conditions(2.1)4, (2.1)5 relation (2.2) implies
∫
Ω D : D = 0, that, by Korn inequality (see, fo

example, [14]) leads to the identityu = 0.
Substitutingu = 0 in problem (2.1), we have

−∇p = ρg∇x3, x ∈ Ω,

−(p(ζ ) − pe) = α∇′ · ∇′ζ√
1+ |∇′ζ |2

, x ∈ Γ.
(2.3)

Eq. (2.3)1 implies thatp andρ are independent onx1, x2, and the pressure is a decreasing function ofx3.
We setζ = h + η. By conservation of volume we have∫

Σ

η(x′)dx′ = 0.

We multiply (2.3)2 by η and integrate overΣ , it gives us the relation

−
∫
Σ

(
p(ζ ) − p(h)

)
η dx′ = −

∫
Σ

(
p(ζ ) − pe

)
η dx′ = −α

∫
Σ

|∇′η|2√
1+ |∇′η|2 dx′. (2.4)

From Lagrange mean value theorem we have(p(ζ ) − p(h))η = dp/dx3 |ζ̄ η2 � 0, because the pressure is decreasing inx3 for
any density distribution. Since the left-hand side of (2.4) is nonnegative and the right-hand side of (2.4) is nonpositi
sides of (2.4) are equal to zero. Consequently,∇′η = 0, by conservation of volume it impliesη = 0.

Let us consider the question of uniqueness of the rest state (with zero velocity and plane free boundary) corresp
the given periodicity cellΣ , the given total volumeV , the given total massM , and the given external pressurepe. Let ρb1(x3)

be a density of the rest state. Assume that there exists another rest state with the sameΣ, V, M, pe and denote it’s density b
ρb(x3) = ρb1(x3) + σ(x3). As the rest state occupies the domainΣ × [0, h], whereh = V/|Σ |, conservation of mass gives u
the following relation:

∫
Σ

h∫
0

(ρb1 + σ)dx3 dx′ =
∫
Σ

h∫
0

ρb dx3 dx′.
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ch other
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h∫
0

σ(x3)dx3 = 0. (2.5)

Consequently, there are different rest states with zero velocity in the same domainΣ × [0, h] corresponding to the sam
total massM and the same external pressurepe with densities from the class

R =
{

ρb(x3) = ρb1(x3) + σ(x3),

h∫
0

σ(x3)dx3 = 0

}
.

For any densityρb ∈ R the related pressure is uniquely determined from the following Cauchy problem

dpb

dx3
= −gρb, pb(h) = pe,

and hence is equal to

pb(x3) = g

h∫
x3

ρb(s)ds + pe.

We can identify the rest state only in case when we have additional information about the functionsρ(x3) andp(x3). For
example, the rest state is unique in the class of regular solutions of problem (2.1) with pressures which differ from ea
by monotone functions, namely, the following uniqueness theorem takes place.�
Theorem 2. Let are given the valuesΣ , V, M, pe, the assumptions of Theorem1 hold true, andSb = (pb,0, h,ρb) ∈ Vs is a
solution of problem(2.1). ThenSb is a unique solution of problem(2.1) in the class

Vspb = {
(p,u, ζ, ρ) ∈ Vs , p − pb is a monotone function

}
.

Proof. Assume by absurdum that there is another solution of problem (2.1):(p,u, ζ, ρ) ∈ Vspb . By Theorem 1

u = 0, ζ = h, ρ = ρ(x3), p = p(x3).

We introduce the notations

σ(x3) = ρ(x3) − ρb(x3), π(x3) = p(x3) − pb(x3).

As a consequence of(2.3), we have

− d

dx3
π(x3) = gσ (x3), 0 < x3 < h, π(h) = 0. (2.6)

Under the assumption thatp − pb is a monotone function, we have either dπ/dx3 � 0 or dπ/dx3 � 0, hence, from (2.6) i
follows that the perturbation of density has a definite sign:σ(x3) � 0 for x3 ∈ (0, h) or σ(x3) � 0 for x3 ∈ (0, h). From (2.5)
we deduce thatσ(x3) = 0 for x3 ∈ [0, h]. Substitutingσ = 0 in (2.6), we obtainπ = 0, consequently,ρ = ρb , p − pb. �

Now we present another uniqueness theorem, assuming that the density depends linearly on the variablex3, in this case the
density of the rest state can be uniquely determined.

Theorem 3. Let are given the total mass M, the periodicity cellΣ , the volume V, the value of external pressurepe, and the value
of the density on the free boundary: ρ|x∈Γ = A, A ∈ (0,M/V ). Then there exists a rest stateSb with plane free boundaryΓ
posed by the equationx3 = ζb = V/|Σ | = h, the densityρb = c1x3 + c2, where

c1 = 2

(
A|Σ |

V
− M|Σ |

V 2

)
, c2 = 2

M

V
− A,

and the pressure

pb = pe − gc1

2

(
x2

3 − h2) − gc2(x3 − h).

The rest stateSb is the unique solution of problem(2.1) in the class of regular solutions with densities linearly depend
on x3 and having the same valueA onΓ .
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Proof. By Theorem 1 we haveu = 0, ρ = ρ(x3), ζ = h = V/|Σ |. Letρb = c1x3+c2, c1 �= 0. Under our assumptions it holds

find

al
the relation(c1x3 + c2)|Γ = A, taking into account conservation of mass, we have for the coefficientsc1 andc2 the following
system:


c1h + c2 = A,

c1
h2

2
+ c2h = M

|Σ | .

This system has a unique solution

c1 = 2

(
A

h
− M

|Σ |h2

)
= 2

(
A|Σ |

V
− M|Σ |

V 2

)
, c2 = 2M

|Σ |h − A = 2
M

V
− A.

Note, that under the assumptionA ∈ (0,M/V ), the densityρb satisfies the natural conditionsρb(0) > ρb(h) > 0. We find
the pressurepb from the Cauchy problem

dpb

dx3
= −g(c1x3 + c2), pb(h) = pe,

which has the following solution

pb(x3) = pe − g
c1

2

(
x2

3 − h2) − gc2(x3 − h). �

3. Stability of rest state

Now we consider the nonsteady free boundary problem in the periodic domain lying between the planex3 = 0 and the free
surfaceΓt which can be given by the equationx3 = ζ(x′, t). For inhomogeneous incompressible flows the problem is to
the domainΩt = {(x′, x3) | x′ ∈ Σ, 0 < x3 < ζ(x′, t)} filled by the fluid, the velocity vector fieldu, the densityρ, and the
pressure p – solution to the following problem

ρ
du
dt

− µ�u = −∇p − ρg∇x3, x ∈ Ωt,

∇ · u = 0, x ∈ Ωt,

dρ

dt
= 0, x ∈ Ωt,

u(x′,0, t) = 0, x′ ∈ Σ,

Tn = (αH− pe)n, x ∈ Γt ,

Wn = u · n, x ∈ Γt ,∫
Ωt

ρ(x, t)dx = M, |Ωt | = V,

(3.1)

where du/dt = ∂u/∂t + (u · ∇)u, by Wn we denote the velocity of the free boundary in the direction of the external normn.
Under our assumptionsn = (−ζx1/

√
1+ |∇′ζ |2,−ζx2/

√
1+ |∇′ζ |2,1/

√
1+ |∇′ζ |2)T, hence condition(3.1)6 can be written

in the form

∂ζ

∂t
n3 = u · n, x ∈ Γt .

Let us introduce the regularity class

V :=
{
p(x, t),u(x, t), η(x′, t), ρ(x, t) | p ∈ C1

� (Ωt ), u ∈ L2(
0,∞;W1,2

� (Ωt )
) ∩ L∞(

0,∞;L3
� (Ωt )

)
,

η ∈ L∞(
0, T ;W1,∞

� (Σ)
)
, |η| <

h

2
, ρ ∈ C�(Ωt )

}
.

By ‘ regular solutions’ we denote solutions belonging to the classV .

Theorem 4. For any regular solution(p,u, h + η,ρ) of problem(3.1) the integral identity

d

dt

[
Eu(t) + Eη(t) + gMx3G(t)

] + Du(t) = 0 (3.2)
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holds, where ∫ ∫ √

m

ic density
Eu(t) = 1

2
Ωt

ρ|u|2 dx, Eη(t) = α

Σ

(
1+ |∇′η|2 − 1

)
dx′, Du = 2µ

∥∥D(u)
∥∥2

, (3.3)

x3G(t) is the third coordinate of the center of mass.

Proof. We multiply Eq.(3.1)1 by u, integrate overΩt , and have

1

2

d

dt

∫
Ωt

ρ|u|2 dx =
∫
Ωt

(µ�u − ∇p) · u dx −
∫
Ωt

gρ∇x3 · u dx,

then we integrate by parts and obtain

1

2

d

dt

∫
Ωt

ρ|u|2 dx + 2µ

∫
Ωt

D : D dx =
∫
Γt

u · Tn ds −
∫
Ωt

gρ∇x3 · u dx = I + II . (3.4)

Boundary conditions imply

I =
∫
Γt

(αH− pe)n · u ds = α

∫
Σ

∇′ · ∇′η√
1+ |∇′η|2

ηt dx′ − pe

∫
Σ

ηt dx′ = −α

∫
Σ

∇′η · ∇′ηt√
1+ |∇′η|2

dx′

= −α
d

dt

∫
Σ

(√
1+ |∇′η|2 − 1

)
dx′,

here we have used the conservation of volume, which gives us
∫
Σ ηt dx′ = 0. By virtue of (3.1)3 and transport theorem, ter

II can be written in the form:

II = −g

∫
Ωt

ρ
dx3

dt
dx = −g

∫
Ωt

d

dt
(ρx3)dx = −g

d

dt

∫
Ωt

ρx3 dx = −gM
d

dt

(
x3G(t)

)
.

Substituting the obtained expressions into (3.4), we arrive at (3.2).
We integrate (3.2) in time and have

Eu(t) + Eη(t) + gMx3G(t) +
t∫

0

Du(τ)dτ = Eu(0) + Eη(0) + gMx3G(0). � (3.5)

In the next theorem we control the perturbation to density, to this end we make the further assumption that the bas
ρb(x3) is a linear function.

Theorem 5. Letub = 0, ζb = h, ρb(x3) = ax3 +b, pb(x3) be the rest state corresponding to the given volumeV and massM .
Assume that there exists a regular solution of problem(3.1): u, ρ = ρb + σ, ζ = h + η, p = pb + π in a domain having the
same volumeV and for a fluid having the same total massM . Then the following energy identity

d

dt

[
Eu(t) + Eη(t) + Eη1(t) + Eσ (t)

] + Du(t) = 0 (3.6)

holds, where

Eu(t) = 1

2

∫
Ωt

ρ|u|2 dx, Eσ (t) = − g

2a

∫
Ωt

σ2 dx, a < 0,

Eη(t) = α

∫
Σ

(√
1+ |∇′η|2 − 1

)
dx′, Eη1(t) = g

2

∫
Σ

(
aζ ∗(x′, t) + b

)
η2(x′, t)dx′, (3.7)

Du = 2µ
∥∥D(u)

∥∥2
,

ζ ∗ lies between h andh + η.
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Proof. In the same way as in the proof of Theorem 4, we multiply Eq.(3.1)1 by u, integrate by parts, and use boundary

in

s
tions

s
) with
conditions, we arrive at

1

2

d

dt

∫
Ωt

ρ|u|2 dx + 2µ

∫
Ωt

D : D dx + α
d

dt

∫
Σ

(√
1+ |∇′η|2 − 1

)
dx′

= −
∫
Ωt

gρb∇x3 · u dx −
∫
Ωt

gσ∇x3 · u dx = I + II . (3.8)

Let ρb = ax3 + b with a < 0. From the continuity equation we get

∂σ

∂t
+ u · ∇σ = dσ

dt
= −au3. (3.9)

We multiply (3.9) by−σ/a, integrate overΩt , and obtain∫
Ωt

u3σ dx = − d

dt

∫
Ωt

σ2

2a
dx. (3.10)

Hence,

II = −g

∫
Ωt

σ∇x3 · u dx = g

2a

d

dt

∫
Ωt

σ2 dx. (3.11)

By virtue of (3.1)2, (3.1)6, term I can be written in the form

I = −g

∫
Ωt

ρb∇x3 · u dx = −g

∫
Ωt

∇
( x3∫

h

ρb(z)dz

)
· u dx

= −g

∫
Σ

(
a

ζ2 − h2

2
+ bη

)
ηt dx′ = −g

∫
Σ

(
a

1

6

∂η3

∂t
+ ah

2

∂η2

∂t
+ b

2

∂η2

∂t

)
dx′

= −g
d

dt

∫
Σ

1

2
(aζ ∗ + b)η2 dx′, (3.12)

whereζ ∗ = h + η/3.
By virtue of (3.8), (3.11), (3.12), we get the integral identity

1

2

d

dt

∫
Ωt

ρ|u|2 dx + α
d

dt

∫
Σ

(√
1+ |∇′η|2 − 1

)
dx′ + g

2

d

dt

∫
Ωt

σ2

|a| dx + g

2

d

dt

∫
Σ

ρb(ζ ∗)η2 dx′ + 2µ
∥∥D(u)

∥∥2 = 0,

which implies the desired energy identity (3.6).�
Corollary 1. Identity (3.6) implies stability in the mean. It means that we have control of the energyE = Eu(t) + Eη(t) +
Eη1(t) + Eσ (t), representing a norm of perturbations. Namely,E(t) � E(0) for any positive t. In consequence of stability

the mean and relation(3.5), the term
∫ t
0 Du(τ)dτ is bounded for any positive t, and theL2 norm of the velocity gradient tend

to zero along a sequence of times. Consequently, along this sequence of times, the motion tends to the rest, and perturba
to the height tends to zero.

4. Estimates for the first order derivatives

Let at the initial timeη(x′,0) = η0(x′), u(x,0) = u0(x), ρ0 = ρ(x,0) = ρb(x3) + σ0(x), where the initial perturbation
of the rest stateu0, η0, σ0 are sufficiently small. In this section we assume that there exists a solution of problem (3.1
the following regularity

η ∈ C1(
0,∞;W2,2

� (Ωt )
)
, ηt ∈ C1(

0,∞;W1,2
� (Ωt )

)
, u ∈ C1(

0,∞;W3,2
� (Ωt )

)
,

ut ∈ C1(0,∞;W1,2
� (Ωt )

)
, |η| <

h

2
, ρ ∈ C1

� (Ωt ), p ∈ C2
� (Ωt ),
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and try to see what additional information about the behaviour of the solution we can have. In the first part we compute an
2 ma), in

egular

t

rms of
energy identity forL norms of spatial and time derivatives of perturbations to the velocity and to the height (see lem
the second part we provide estimates for the above norms (see Theorem 6).

Lemma. Let ub = 0, ζb = h, ρb(x3), pb(x3) be the rest state with volume V and mass M. Assume that there exists a r
solution of problem(3.1): u, ρ = ρb +σ, ζ = h+η, p = pb +π in a domain having the same volumeV and for a fluid having
the same total massM . Then the following energy identity

d

dt
E +D = P (x1) + P (x2) + P (t) + N(u, η) (4.1)

holds, whereE = Eu + Eη, D = Du +Dη,

Eu = 1

2

∫
Ωt

ρ

( ∑
i=1,2

|uxi |2 + |ut |2
)

dx + γ0

∫
Ωt

ρut · Vt dx +
∑

i=1,2

γi

∫
Ωt

ρuxi · Vxi dx,

Eη = α

2

(
K(t) + K(x1) + K(x2)

)
,

K(xi) =
∫
Σ

|∇′ηxi |2 + (ηx1ηxix2 − ηx2ηxix1)
2√

(1+ |∇′η|2)3
dx′, i = 1,2,

K(t) =
∫
Σ

|∇′ηt |2 + (ηx1ηtx2 − ηx2ηtx1)
2√

(1+ |∇′η|2)3
dx′,

(4.2)

γ0, γ1, γ2 are small positive numbers,V ∈ L∞(0,∞;W1,2
� (Ωt )) with ∂V/∂t ∈ L∞(0,∞;L2

� (Ω)) is an auxiliary vector field
constructed in[3], which satisfies the following conditions

∇ · V = 0, x ∈ Ωt,

V(x′,0, t) = 0,

V · n|Γt
= ηn3,

and the following estimates∥∥∥∥∂V
∂t

∥∥∥∥
L2(Ω)

� c

∥∥∥∥∂η

∂t

∥∥∥∥
L2(Σ)

, ‖∇V‖L2(Ω) � c‖η‖W1,2(Σ);

Du = 2µ
(∥∥D(ut )

∥∥2 + ∥∥D(ux1)
∥∥2 + ∥∥D(ux2)

∥∥2)
,

Dη = α
(
γ1K(x1) + γ2K(x2) + γ0K(t)

)
,

P (xi) = −
∫
Ωt

σxi

du
dt

· (uxi + γiVxi )dx − g

∫
Ωt

σxi ∇x3 · (uxi + γiVxi )dx, i = 1,2,

P (t) = −
∫
Ωt

σt
du
dt

· (ut + γ0Vt )dx − g

∫
Ωt

σt∇x3 · (ut + γ0Vt )dx,

N(u, η) contains nonlinear terms which do not depend onσ and are given in the proof.

We give the proof of lemma in Appendix.
Note that under the assumption that the densityρ is uniformly bounded in time:C1 � ρ � C2, C2 > C1 > 0, the norms

‖u‖L2(Ωt ), ‖√ρu‖L2(Ωt ), ‖ρu‖L2(Ωt ) are equivalent to each other. The generalized energyE = Eu + Eη becomes equivalen
to ‖uxi‖L2(Ωt ) + ‖ut‖L2(Ωt ) + ‖∇ηt‖L2(Σ) + ‖∇ηxi ‖L2(Σ) for the sufficiently small positiveγ0, γ1, γ2. In what follows we
will sometimes use the designation‖u‖ for the norm‖u‖L2(Ωt ). By virtue of the relation

∫
Σ η(x′, t)dx′ = 0 and boundary

condition(3.1)4, L2 norms ofη, u can be estimated with the help of Korn inequality and embedding theorems by the no
the derivatives. To simplify the estimates of the nonlinear boundary terms, we assume that

α|∇′ηxi |, g|∇ρ|, 2µ
∣∣D(ut )

∣∣, |px3|, 2µ
∣∣D(uxj )

∣∣ < β, i = 1,2, j = 1,2,3, (4.3)

whereβ is a small positive number.
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It should be mentioned that the part of restrictions (4.3) is not necessary, it is possible to estimate nonlinear terms without so
culations,

s

lp

ess
pressible
strong restrictions, but, as our result cannot be improved in this way, we have all the assumptions (4.3) to avoid long cal
which are presented in [4].

Theorem 6. Let the initial data in problem(3.1)satisfy the following regularity conditions:

η0 ∈ W
2,2
� (Σ), ρ0 ∈ C1

� (Ω0), u0 ∈ W
3,2
� (Ω0), u0

t ∈ W
1,2
� (Ω0),

the natural compatibility conditions, and the following smallness conditions

E(u0, η0) = E(0) � ε,
∥∥∇ρ0∥∥

L2(Ω)
� E(0)δ, (4.4)

with a sufficiently smallε and with some small positiveδ. Assume that there exists a global regular solution of problem(3.1),
satisfying conditions(4.3)with a small positiveβ ( for example, we can takeβ = 1/64), then

E(t) � E(0)

for any t ∈ [0, T ], whereT > 0 depends on the initial perturbation of density‖∇ρ0‖L2(Ω) and tends to infinity as thi
perturbation tends to zero.

Proof. Let us deduce the energy inequality from the identity (4.1). Nonlinear terms inN(u, η) can be estimated with the he
of Holder inequality and embedding theorems in the same way as it isdone, for example, in [4]. Precisely,∣∣∣∣

∫
Ωt

ρ(uxi · ∇)u · (uxi + γiVxi )dx

∣∣∣∣ � c|uxi |L∞‖∇u‖L2(Ωt )

(‖uxi ‖L2(Ωt ) + γi‖Vxi ‖L2(Ωt )

)
� cD

√
E .

Because of the fact that

n∧
xi

= (−ηx1xi ,−ηx2xi ,0)T, n∧
t = (−ηx1t ,−ηx2t ,0)T,

any boundary term inN(u, η) contains at least three multipliers and under the assumption (4.3) can be estimated byβD, or
cD

√
E , By virtue of(3.1)3, the second term inP (t) can be written in the formg

∫
Ωt

u · ∇ρ(ut + γ0Vt ) · ∇x3 dx and, under the
assumption (4.3), estimated bycβE .

The main difficulty is in the estimation of the termsP (xi). As a consequence of the equation∇′ρb = 0, we have
∂σ/∂xi = ∂ρ/∂xi . Let us introduce the Lagrangian coordinatesξ connected with the vector fieldu: x = ξ + ∫ t

0 u(ξ, τ)dτ.

As it is proved in [9], under our regularity assumptions, for givenu andρ0, the problem

∂ρ

∂t
+ u · ∇ρ = 0, ρ(x, t)|t=0 = ρ0(x)

has a unique solution

ρ(x, t) = ρ0(
ξ(x, t)

)
,

and the estimate

∣∣∇xρ(x, t)
∣∣ � c

∣∣∇ξ ρ0 ∣∣
ξ(x,t)

∣∣exp

( t∫
0

|∇u|∞(τ)dτ

)

holds true. Hence, by the help of Hölder inequality, we obtain

∣∣∣∣
∫
Ωt

σxi ∇x3 · uxi dx

∣∣∣∣ �
∫
Ωt

∣∣ρxi (x, t)
∣∣|∇x3 · uxi |dx � c

∫
Ωt

∣∣∇ξ ρ0(
ξ(x, t)

)∣∣exp

( t∫
0

|∇u|∞(τ)dτ

)
|∇x3 · uxi |dx

� c exp

( t∫
0

|∇u|∞(τ)dτ

)∥∥∇ρ0∥∥
L2(Ω)

‖uxi ‖L2(Ωt ) � c exp

( t∫
0

|∇u|∞(τ)dτ

)∥∥∇ρ0∥∥
L2(Ω)

√
E . (4.5)

It is clear that the other terms inP (xi) are estimated in the same way.
We point out that because of the presence of the termsP (xi), even under the very strong regularity and smalln

assumptions, we are no more able to derive a priori estimates similar to those obtained in [4] for the case of com



674 E. Frolova, M. Padula / European Journal of Mechanics B/Fluids 23 (2004) 665–679

fluid. In our case, if we estimate all the terms at right-hand side in a way described above, for sufficiently small positive

e
that at least

rive

.

9).
numbersγ0, γ1, γ2, we arrive at the inequality

dE
dt

+D � 1

2
D + c

√
E
(
D + exp

( t∫
0

|∇u|∞(τ)dτ

)∥∥∇ρ0∥∥
L2(Ω)

)
. (4.6)

It is worth to remark that there is no estimate for the perturbationσ of density, and this will create the major difficulty in th
sequel. Note also that, as we are going to derive the estimates under the smallness assumptions, we can be sure
E < 1, D < 1.

From the explicit formula (4.2), we can conclude thatE < νD, ν > 0, and, under a suitable smallness assumption, de
from (4.6) the estimate

dE
dt

+ A1E � A2 exp

( t∫
0

|∇u|∞(τ)dτ

)∥∥∇ρ0∥∥
L2(Ω)

√
E , (4.7)

whereA1, A2 are positive constants. This estimate allows us to prove only the control of the energyE by the initial data on
some finite interval of time.

We introduce the notationy = √
E . Under our regularity assumptions,y(t) is a continuously differentiable function

Inequalities (4.4) and (4.7) imply

2
dy

dt
� A2 exp

( t∫
0

|∇u|∞(τ)dτ

)
δy(0) − A1y(t).

Under our regularity assumptions,|∇u| is a bounded function, let

|∇u|∞(τ)| � A3

for τ > 0. Let the number T satisfies the inequality

T <
1

A3
ln

A1

A2δ
. (4.8)

If we assume that

max
t∈[0,T ]y(t) = y(t∗), (4.9)

wheret∗ > 0, then for anyτ ∈ [0, t∗] it holds the inequalityy(τ) � y(t∗). Because of (4.8), (4.9), we have

A2 exp

( t∗∫
0

|∇u|∞(τ)dτ

)
δy(0) � A2 eA3T δy(0) < A2

A1

A2δ
δy(0) � A1y(t∗).

As a consequence,

dy

dt

∣∣∣∣
t=t∗

� 1

2

(
A2 exp

( t∗∫
0

|∇u|∞(τ)dτ

)
δy(0) − A1y(t∗)

)
< 0.

It means that there is a left neighborhood of the pointt∗ wherey(t) > y(t∗) and we have contradiction with assumption (4.
This allows us to conclude that

max
t∈[0,T ]y(t) = y(0),

which obviously implies the desired estimate

E(t) � E(0), t ∈ [0, T ],
whereT satisfies restriction (4.8).�
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In the case when the rest state density is a linear function:ρb = ax3 + b, we can take into account identity (3.6). Obviously,
d ∫

ce

s

e perturb
sity

mpleted
author
the termdt
Eσ can be written in the formΩt

σ∇x3 · u dx. To estimate this term, we use condition(3.1)3, which implies

dσ

dt
= −u · ∇ρb = −au3.

Consequently, in Lagrangian coordinates connected with the vector fieldu, we have

σ(ξ, t) = σ(ξ,0) − a

t∫
0

u3(ξ, τ)dτ,

and

|σ |∞,Ωt
� |σ0|∞,Ω0 + |a|

t∫
0

|u3|∞,Ωτ
dτ.

Thus, we add (3.6) to (4.7), and have

dE∗
dt

+ A∗
1E

∗ � A∗
2

(
exp

( t∫
0

|∇u|∞(τ)dτ

)∥∥∇ρ0∥∥
L2(Ω)

+ ∣∣σ0∣∣∞
)√

E, (4.10)

where

E∗ = E + Eη + Eη1.

It is clear that on the base of inequality (4.10), in the same way as Theorem 6, the following result can be proved.

Theorem 7. Letρb = ax3 + b, all the assumptions of Theorem6 hold true, and, moreover, the following estimate takes pla∥∥∇ρ0∥∥
L2(Ω)

+ ∣∣σ0∣∣∞ � E∗(0)δ,

whereδ > 0 is a sufficiently small number.
Then, under assumption on existence of a global regular solution to problem(3.1), we have

E∗(t) � E∗(0)

for anyt ∈ [0, T ], whereT > 0 depends on the initial perturbation of density‖∇ρ0‖L2(Ω) +|σ0|∞ and tends to infinity as thi
perturbation tends to zero.

Remark. Let us stress the fact that if the basic stratification is homogeneous (the density is equal to a constant), and w
the density only on the horizontal directions, we have proved decay to the rest only for the velocity and the height. The den
distribution might not decay to the basic uniform one!
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Appendix

Proof of lemma. We take derivatives with respect toxi , i = 1,2, of all the equations in problem (3.1)

σxi

du
dt

+ ρ

(
duxi

dt
+ uxi · ∇u

)
− µ�uxi = −∇pxi − σxi g∇x3, x ∈ Ωt,

∇ · uxi = 0, x ∈ Ωt,

dσxi

dt
+ uxi · ∇(ρb + σ) = 0, x ∈ Ωt .

(A.1)
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We multiply (A.1)1 by uxi , integrate overΩt , and arrive at

t the
∫
Ωt

σxi

du
dt

· uxi dx +
∫
Ωt

ρ
duxi

dt
· uxi dx +

∫
Ωt

ρ(uxi · ∇)u · uxi dx − µ

∫
Ωt

�uxi · uxi dx

= −
∫
Ωt

∇pxi · uxi dx − g

∫
Ωt

σxi ∇x3 · uxi dx. (A.2)

We take derivatives with respect toxi , i = 1,2, of the boundary conditions in problem (3.1), taking into account tha
free boundaryΓt is posed by the equationx3 = ζ(x1, x2, t). Condition(3.1)5 implies

2µD(u)nxi + 2µD(uxi )n + 2µD(ux3)nζxi = (αH− pe + p)nxi +
(

α
∂H
∂xi

+ pxi + px3ζxi

)
n. (A.3)

We differentiate the identity‖n‖2 = 1 with respect toxi and see thatnxi · n = 0, consequently, from(3.1)5 we have
nxi · D(u)n = 0. Multiplying (A.3) by the vectorn, we obtain

pxi = 2µn · D(ux3)nζxi − px3ζxi − α
∂H
∂xi

+ 2µn · D(uxi )n. (A.4)

Because of (A.1)3, (A.4), with the help of integration by parts, we obtain the following relation:∫
Ωt

(µ�uxi − ∇pxi ) · uxi dx = −2µ

∫
Ωt

D(uxi ) : D(uxi )dx +
∫
Γt

uxi · (−pxi n + 2µD(uxi )n
)
ds

= −2µ
∥∥D(uxi )

∥∥2 + B
(i)
1 + B

(i)
2 ,

where

B
(i)
1 = α

∫
Γt

∂H
∂xi

n · uxi ds,

B
(i)
2 =

∫
Γt

px3ζxi n · uxi ds − 2µ

∫
Γt

uxi · nn · D(ux3)nζxi ds + 2µ

∫
Γt

(
uxi − (n · uxi )n

) · D(uxi )n ds.

(A.5)

At first we consider the termB(i)
1 . We rewrite condition(3.1)6 in the formηt = u · n∧, wheren∧ =

√
1+ |∇′η|2 n and take

derivatives with respect toxi , we have

ηtxi = uxi · n∧ + ux3 · n∧ηxi + u · n∧
xi

,

consequently,B(i)
1 reads

B
(i)
1 = α

∫
Σ

∂H
∂xi

n∧ · uxi dx′ = α

∫
Σ

∂H
∂xi

ηtxi dx′ − α

∫
Σ

∂H
∂xi

u · n∧
xi

dx′ − α

∫
Σ

∂H
∂xi

ux3 · n∧ηxi dx′ = B
(i)
11 + B

(i)
12 + B

(i)
13 .

In the termB
(i)
11 we integrate by parts and use the periodicity condition, we have:

B
(i)
11 = α

∫
Σ

{
∇′ ·

( ∇′ηxi√
1+ |∇′η|2

)
ηtxi − ∇′ ·

( ∇′η√
(1+ |∇′η|2)3

∇′η · ∇′ηtxi

)
ηtxi

}
dx′

= −α

∫
Σ

∇′ηxi · ∇′ηtxi√
1+ |∇′η|2

dx′ + α

∫
Σ

∇′η(∇′η · ∇′ηxi ) · ∇′ηxi t

(
√

1+ |∇′η|2)3
dx′

= −α

2

∫
Σ

∂

∂t

|∇′ηxi |2√
1+ |∇′η|2

dx′ − α

2

∫
Σ

|∇′ηxi |2∇′η · ∇′ηt√
(1+ |∇′η|2)3

dx′ + α

∫
Σ

∇′η · ∇′ηxi ∇′η · ∇′ηtxi√
(1+ |∇′η|2)3

dx′

= −α

2

d

dt

∫
Σ

|∇′ηxi |2√
1+ |∇′η|2

dx′ + α

2

∫
Σ

∂
∂t ((∇′η · ∇′ηxi )

2) − |∇′ηxi |2∇′η · ∇′ηt − 2∇′η · ∇′ηxi ∇′ηxi · ∇′ηt√
(1+ |∇′η|2)3

dx′
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= −α

2

d

dt

∫ |∇′ηxi |2(1+ |∇′η|2) − (∇′η · ∇′ηxi )
2√ ′ 2 3

dx′ + B
(i)
14

of
a

erms
Σ
(1+ |∇ η| )

= −α

2

d

dt

∫
Σ

|∇′ηxi |2 + (ηx1ηxix2 − ηx2ηxix1)
2√

(1+ |∇′η|2)3
+ B

(i)
14 = −α

2

d

dt
K(xi) + B

(i)
14 ,

where

B
(i)
14 = α

2

∫
Σ

−|∇′ηxi |2∇′η · ∇′ηt − 2∇′η · ∇′ηxi ∇′ηxi · ∇′ηt√
(1+ |∇′η|2)3

dx′ + 3α

2

∫
Σ

(∇′η · ∇′ηxi )
2∇′η · ∇′ηt√

(1+ |∇′η|2)5
dx′. (A.6)

In order to obtain the dissipative term corresponding to the perturbationη on the height of the layer, we use the idea
introducing a generalized energy [3,5] andthe auxiliary vector field constructed in [3]. It is proved in [3] that there exists
vector fieldV ∈ L∞(0,∞;W1,2

� (Ωt )) with ∂V/∂t ∈ L∞(0,∞;L2
� (Ω)) which satisfies the following conditions

∇ · V = 0, x ∈ Ωt,

V(x′,0, t) = 0,

V · n|Γt
= ηn3,

and the following estimates hold true:∥∥∥∥∂V
∂t

∥∥∥∥
L2(Ω)

� c

∥∥∥∥∂η

∂t

∥∥∥∥
L2(Σ)

, ‖∇V‖L2(Ω) � c‖η‖W1,2(Σ).

We multiply Eq. (A.1)1 by the auxiliary vector fieldV differentiated with respect toxi , integrate overΩt , and integrate by
parts, we obtain∫

Ωt

ρ
d

dt
(uxi · Vxi )dx −

∫
Ωt

ρuxi · dVxi

dt
dx +

∫
Ωt

σxi

du
dt

· Vxi dx +
∫
Ωt

ρ(uxi · ∇)u · Vxi dx + µ
(
D(uxi ),∇Vxi

)

=
∫
Γt

Vxi · (µD(uxi ) − Ipxi

)
n ds − g

∫
Ωt

σxi ∇x3 · Vxi dx. (A.7)

Differentiating the boundary conditionV · n∧|Γt
= η with respect toxi , we have

Vxi · n∧ = ηxi − V · n∧
xi

− Vx3 · n∧ζxi ,

so, with the help of relation (A.4), we can write the boundary term in the right-hand side of (A.7) in the form∫
Γt

Vxi · (µD(uxi ) − Ipxi

)
n ds = −α

∫
Σ

|∇′ηxi |2 + (ηx1ηxix2 − ηx2ηxix1)
2√

1+ |∇′η|2
dx′ + D(i),

where

D(i) = −α

∫
Σ

∂H
∂xi

(
V · n∧

xi
+ Vx3 · n∧ζxi

)
dx′ +

∫
Γt

px3ζxi n · Vxi ds

− µ

∫
Γt

Vxi · D(ux3)nζxi ds + µ

∫
Γt

(
Vxi − (n · Vxi )n

) · D(uxi )n ds. (A.8)

We multiply (A.7) by the small numberγi > 0 and add to (A.2), taking into account the calculations for the boundary t
which is done above, we have:

1

2

d

dt

∫
Ωt

ρ|uxi |2 dx + α

2

d

dt
K(xi) + γi

d

dt

∫
Ωt

ρuxi · Vxi dx + 2µ
∥∥D(uxi )

∥∥2 + γiαK(xi) + 2µγi

(
D(uxi ),D(Vxi )

)

= P (xi) + R(i) + B
(i)
12 + B

(i)
13 + B

(i)
14 + B

(i)
2 + γiD

(i), (A.9)

where



678 E. Frolova, M. Padula / European Journal of Mechanics B/Fluids 23 (2004) 665–679

R(i) = −
∫

ρ(uxi · ∇)u · (uxi + γiVxi )dx + γi

∫
ρuxi · dVxi

dt
dx,

rm
Ωt Ωt

B
(i)
12 = −α

∫
Σ

∂H
∂xi

u · n∧
xi

dx′, B
(i)
13 = −α

∫
Σ

∂H
∂xi

ux3 · n∧ζxi dx′,

the termB
(i)
14 is given by (A.6),B(i)

2 are given by (A.5),D(i) are given by (A.8), andK(xi) by (4.2).
Let us take a derivative with respect to t of all the equations in problem (3.1), we have:

σt
du
dt

+ ρ

(
dut

dt
+ (ut · ∇)u

)
− µ�ut = ∇pt − σtg∇x3, x ∈ Ωt,

∇ · ut = 0, x ∈ Ωt, (A.10)
dσt

dt
+ ut · ∇(ρb + σ) = 0, x ∈ Ωt .

We multiply (A.10)1 by ut , integrate overΩt , and arrive at∫
Ωt

σt
du
dt

· ut dx +
∫
Ωt

ρ
dut

dt
· ut dx +

∫
Ωt

ρ(ut · ∇)u · ut dx − µ

∫
Ωt

�ut · ut dx

= −
∫
Ωt

∇p · ut dx − g

∫
Ωt

σt∇x3 · ut dx. (A.11)

Because of (A.10)2, with the help of integration by parts, we obtain∫
Ωt

(µ�ut − ∇pt ) · ut dx = −2µ

∫
Ωt

D(ut ) : D(ut )dx +
∫
Γt

ut · (−ptn + 2µD(ut )n
)
ds. (A.12)

We take a derivative with respect tot of the boundarycondition(3.1)5, and have

2µD(u)nt + 2µD(ut )n + 2µD(ux3)nζt = (αH− pe + p)nt +
(

α
∂H
∂t

+ pt + px3ζt

)
n.

Because of the fact thatnt · n = 0, it implies

pt = 2µn · D(ux3)nζt − px3ζt − α
∂H
∂t

+ 2µn · D(ut )n. (A.13)

Taking a derivative with respect tot of the boundarycondition(3.1)6, we obtain

ut · n∧ = ηtt − u · n∧
t − ux3 · n∧ζt . (A.14)

We substitute (A.13), (A.14) in the boundary term obtained in (A.12) and apply thesame procedure as above for the te

B
(i)
1 , this gives us the following relation∫

Ωt

(µ�ut − ∇pt ) · ut dx

= −2µ
∥∥D(ut )

∥∥2 − α

2

d

dt

∫
Σ

|∇′ηt |2 + (ηx1ηtx2 − ηx2ηtx1)
2√

(1+ |∇′η|2)3
dx′ + B

(t)
2 + B

(t)
14 + B

(t)
12 + B

(t)
13 , (A.15)

where

B
(t)
2 =

∫
Γt

px3ζt n · ut ds − 2µ

∫
Γt

ut · nn · D(ux3)nζt ds + 2µ

∫
Γt

(
ut − (n · ut )n

) · D(ut )n ds,

B
(t)
14 = 3α

2

∫
Σ

(∇′η · ∇′ηt )
3 − |∇′ηt |2(1+ |∇′η|2)∇′η · ∇′ηt√

(1+ |∇′η|2)5
dx′, (A.16)

B
(t)
12 = −α

∫
Σ

∂H
∂t

u · n∧
t dx′, B

(t)
13 = −α

∫
Σ

∂H
∂t

ux3 · n∧ζt dx′.
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To obtain the dissipative term with theL2 norm of |∇′ηt |, we multiply Eq. (A.10)1 by the auxiliary vector fieldV
to

t

970.

ppl.

),
r

0.
sity,

ble

p.

. 59–

92.
differentiated with respect tot , integrate overΩt , and use the same scheme as above for the derivatives with respectxi .
As a consequence, taking into account (A.11), (A.15), we obtain

1

2

d

dt

∫
Ωt

ρ|ut |2 dx + γ0
d

dt

∫
Ωt

ρut · Vt dx + α

2

d

dt
K(t) + αγ0K

(t) + 2µ
∥∥D(ut )

∥∥2 + 2µγ0
(
D(ut ),D(Vt )

)

= P (t) + R(t) + B
(t)
2 + B

(t)
14 + B

(t)
12 + B

(t)
13 + γ0D(t), (A.17)

where

R(t) = −
∫
Ωt

ρ(ut · ∇)u · (ut + γ0Vt )dx + γ0

∫
Ωt

ρut · dVt

dt
dx, γ0 > 0,

the termsB(t)
k

are given by (A.16), andK(t) by (4.2),

D(t) = −α

∫
Σ

∂H
∂t

(
V · n∧

t + Vx3 · n∧ζt
)
dx′ +

∫
Γt

px3ζt n · Vt ds − 2µ

∫
Γt

Vt · D(ux3)nζt ds

+ 2µ

∫
Γt

(
Vt − (n · Vt )n

) · D(ut )n ds.

Taking a sum of (A.9), (A.17) we arrive at (4.1), with

N(u, η) = R(1) + R(2) + R(t) + γ1D
(1) + γ2D

(2) + γ0D
(t) + B

(1)
2 + B

(2)
2 + B

(t)
2

+ B
(1)
12 + B

(2)
12 + B

(t)
12 + B

(1)
13 + B

(2)
13 + B

(t)
13 + B

(1)
14 + B

(2)
14 + B

(t)
14 ,

which completes the proof of lemma.�
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