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Abstract

We consider a horizontal rectangular piece of layer of viscous inhomogeneous fluid, bounded below by a rigid plane and
above by a free surface with lateral periodicity conditions. In the presence of gravity and surface tension, the fluid admits
many nonhomogeneous rest states each of which corresponds &navgitical density distoution. We study some stability
properties of a rest state with plane free boundBrycorresponding to the given (large potential) gravitational force, given
volume V, and given mas@/, in the class of motions deriving by perturbations of initial data into the same voluraed
having the same total mass.

We assume the existence of global smooth nonsteady flows and study the control in timeZfémtbrens of perturbations
to velocity, density, and height, in terms of their values at initial time. In the class of linear basic density profiles, we solve the
problem of stability in the mean. The model does not admit a decay in time for the density, nevertheless, we prove a decay to
zero for theL? norm of the velocity gradient and height gradient along a sequence of times. Furthermore, if we do not perturb
the initial density then we can @ve that more regular norms of perturbationwétocity, density, and height are bounded for
all times. Finally, for the homogeneous basic density distribution, the asymptotic decay to zero of these more regular norms of
perturbations to velocity, density, and height takes place.

0 2004 Elsevier SAS. All rights reserved.

1. Introduction

Let us consider a horizontal layer of viscous heavy fluid with variable density and free upper surface, and let us orient
the vertical axiscg upward. As well known, in this case there exist numerous rest states with different density distributions.
The character of this equilibrium stroyoflepends on the distributicof density through the layer. Actually, even though the
pressure is always decreasingxi) it is possible to assume that the distribution of density is increasing with height, in this
case the so-called Rayleigh—Taylor irstity arises. The problem has been studiedfiinear point of view in [1,2]. Recently,

Padula and Solonnikov [3] proved nonlinear exponential decay of the perturbations to the rest state for the case when the layer
is filled by incompressible homogeneous fluid or by isothermal fluid in the presence of gravitational force only (see also [4]).

Nonlinear stability of rest for incompressible heterogeneous fluids remains still an open problem, and in this note we study
this case. Our point of view is that the model of inhomogeneous fluids has physical draws back. Indeed, we point out several
contradictory aspects and mathatical difficulties arising irthis problem, and give a physicakplanation of them. At first,
we prove that the rest state admits only flat free surfaces, then we exhibit different rest states (with different pressures and
densities profiles) in a fixed cell of layer, having given volumeand filled by inhomogeneous fluid with the given mass
A priori, there is no way to prefer one to another, even in the class of densities and pressures decreasing with height. A naive
picture of such rest states is a stratification of severaiZbotal) plane layers each of which is constituted by a homogeneous

* Corresponding author.
E-mail addresseslenafr@mail.ru (E. Frolova), pad@dns.unife.it (M. Padula).

0997-7546/% — see front mattér 2004 Elsevier SAS. All rights reserved.
doi:10.1016/j.euromechflu.2004.01.001



666 E. Frolova, M. Padula / European Journal of Mechanics B/Fluids 23 (2004) 665—679

fluid: they satisfy the same boundary and side conditions, aéfibre constitute an examplérmnuniqueness in the class of

steady flows. As a consequence of nonunigueness of a restthee is no hope to obtain asymptotic stability of any basic

rest state. We consider the evolution problem arising when we perturb the rest state. Notice that any initial densjtynfigld

be considered as perturbation to a linear decreasing basic density field. Therefore, it is always possible to fix as basic density
distribution a decreasing linear function of the vertical varialyeln this note, we provide a control in time for tti& norms

of perturbations to velocity, density, and height by their values at initial time.

Precisely, we set free boundary problem for a inhomogeneous incompressible fluid in a way similar as that proposed in [3],
and provide a control af2-norms of perturbations to the variables of the motion for all time instant (stability in the mean). Also,
we prove decay to zero for the? norm of the velocity gradient and height gradient along a sequence of times. Furthermore,
for the sufficiently small perturbations to initial density, we show that more regular norms of perturbations to velocity, density,
and height are bounded for all times.

Notice that, in a horizontal layer of inhomogeneous heavy fluid it is physically expected decay to rest for perturbations to
velocity and height. Here, we first prove decay to zero offtReorm of velocity through a sequence of times. Then we deduce
decay to zero of perturbations to the height by noticing that the limit motion is again the rest.

Our uniqueness and stability method employs the ideas developed in [3,5,6] where a generalized energy functional is
introduced. However, in this case, the equation of conservation of mass can no more be combined with dissipative effects present
into the momentum equation, because the pressure is an independent term, and the density is constant through material lines.
This can be a physical explanation of the fact that in the gniesenuality does not appear any dissipative term corresponding
to variation of density.

We are not going to present here a global in time existence result, in this connection, we mention that a local in time existence
theorem for the problem under consideration is how in preparation.

The motion of incompressible fluidsitiv varying densities in domains with il boundaries in the ca®f small external
forces is considered in [7-14], e.g., We remark also the results of Simon, [12], concerning existence of solutions in bounded
domains with rigid connected boundaries in the case of large external foreesimable in time. To our knowledge, in the
case of constant external forces (like tiravity!) stability in the mean of the rest fathomogeneous incomgssible fluids, say
control of a solution in a weak norm by initial data, for alt (0, co), is not yet known.

2. Therest state

We consider a horizontal layer of incompressible inhomogeneous fluid bounded below by a rigid plane and assume that the
upper surface is free. Laf;, xp be the axes on the rigid plane ang be the axis towards the upper surfaCeln this case
the gravitational force can be written in the fofra- —gVx3. We consider the periodic problem with respect to the variables
x’ = (x1, x2), denote the periodicity cell b, and assume that the free surfdcean be posed by the equation= ¢ (x’). At
first we consider the rest state with zero velocity and plane free boundary for the following problem

pU-VU—puAU=—Vp—pgVxz inQ2={("x3)|x' € X, 0<x3<i(x)},
V.u=0, xe$2,
V.(pu)=0, x € £,

u-n|r=0,
’ (2.1)
T, N p=(@H — pen|r,
u(x’,0) =0,
/p(X)dx=M, |2]=V,
2
whereT = —pl 4 2uD is the stress tensor,

T

D— Vu+ Vu ,
2

| is the unit matrix,u anda are positive constants shear viscosity and surface tension respeativelg n(x’, ¢ (x')) is the
unit outward normal on the free boundaty, is the double mean curvature 6f which is negative for convex domains and is
given by the formula

V/
H=V. <7§)
VIV
hereV’ is the gradient with respect td. The positive constants g ang are the gravity constant and the external pressure
respectively.
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It is easy to check that =0, pp = pp(x3), {p =h =V/|X|, pp(x3) = gf,?3 pp(s)ds + pp(h) with py(h) = pe is a
particular solution of system (2.1). We shall call this solution the basic flow.
By W:k’z(Q) we denote a Sobolev function space with the norm

‘ 1/2
IIfIIWtk.z(_Q)=< 3 /lDfﬂx)!zdx) ,

ljl<kg
symbolf means periodicity. We introduce the regularity class
Vs = {p(' x3), U@ x3), £ (), p(x' x3) € CL(@2) x WH2(2) x WHH(Z)N L (D) x Co(2)).

We prove that in the clasg; problem (2.1) admits only basic rest states.

Theorem 1. Any regular solutionp, u, ¢, p) € Vs of problem(2.1) satisfies the following relations
u=0, p=pkx3), p=px3).
Furthermore, the free boundary is the plane described by the equatidn=V /| X| = h.

Proof. We multiply Eq.(2.1)1 by u, integrate oves2, and arrive at

/p(u~V)u~udx—M/Au~udx=—/Vp~udx—/ngX3~udx.
Q Q Q
Taking into account tha? - u=0, V- (pu) =0, we integrate by parts and obtain

1
E/p|u|2u-nds+2;¢/‘D:Ddx—-/‘u-Tndszgfg“pu-nds. (2.2)
r Q r r

Together with boundary condition&®.1)4, (2.1)5 relation (2.2) impliesf, D : D = 0, that, by Korn inequality (see, for
example, [14]) leads to the identity= 0.
Substitutingu = 0 in problem (2.1), we have
—Vp=pgVx3, xef2,
v’ 2.3
~(p() —pe)=aV - —————, xel (3)

J1+ v

Eq. (2.3)1 implies thatp andp are independent afy, x», and the pressure is a decreasing functiomsof
We set; = h + . By conservation of volume we have

/ n(x")ydx' =0.
z
We multiply (2.3)2 by n and integrate oveE, it gives us the relation

V/nl?
— | (p&) —ph) r/dx/=—/ P@) = pe)nd’ =~ | —=dv". (2.4)
/ == (0120 | Ao

From Lagrange mean value theorem we hgv&) — p(h))n =dp/dx3 |4: n? < 0, because the pressure is decreasing ifor
any density distribution. Since the left-hand side of (2.4) is nonnegative and the right-hand side of (2.4) is nonpositive, both
sides of (2.4) are equal to zero. Consequently; = 0, by conservation of volume it implieg= 0.
Let us consider the question of uniqueness of the rest state (with zero velocity and plane free boundary) corresponding to
the given periodicity cell”, the given total volumé/, the given total masaf, and the given external pressyrg. Let pp1(x3)
be a density of the rest state. Assume that there exists another rest state with ti#, semaf, p. and denote it's density by
pb(x3) = pp1(x3) + 0 (x3). As the rest state occupies the domaink [0, 2], whereh = V /| X', conservation of mass gives us
the following relation:

h h
//(pb1+0)dX3dx/=//PbdX3dx/-
0 0
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It implies
h
/ o(x3)dxz=0. (2.5)
0

Consequently, there are different rest states with zero velocity in the same d@maii®, 2] corresponding to the same
total massM and the same external presspewith densities from the class

h
R= {pb(X3) = pp1(x3) + 0 (x3), /0()63) drg = 0}-
0
For any density;, € R the related pressure is uniquely determined from the following Cauchy problem
3%? = —8Pb> pp(h) = pe,
and hence is equal to
h
Pp(x3) = g/ph(s) ds + pe.
X3

We can identify the rest state only in case when we have additional information about the fup¢tignand p(x3). For
example, the rest state is unique in the class of regular solutions of problem (2.1) with pressures which differ from each other
by monotone functions, namely, the following uniqueness theorem takes place.

Theorem 2. Let are given the value&, V, M, p., the assumptions of Theorehhold true, andS, = (pp, 0, 1, pp) € Vs is a
solution of problen{2.1). Thens,, is a unique solution of probleif2.1)in the class

Vep, ={(p. U, ¢, p) € Vs, p— pp is amonotone functign

Proof. Assume by absurdum that there is another solution of problem (21, ¢, p) € Vsp,. By Theorem 1

u=0, ¢=h, p=px3), p=px3).
We introduce the notations

o (x3) = p(x3) — pp(x3), 7 (x3) = p(x3) — pp(x3).
As a consequence ¢2.3), we have
—in()@):ga(xg,), O<x3<h, w(h) =0. (2.6)
dx3

Under the assumption that— p; is @ monotone function, we have either flxz > 0 or dr/dx3 < 0, hence, from (2.6) it
follows that the perturbation of density has a definite sigfx3) < 0 for x3 € (0, h) or o (x3) > 0 for x3 € (0, ). From (2.5)
we deduce that (x3) = 0 for x3 € [0, 2]. Substitutings = 0 in (2.6), we obtaint =0, consequentlyy = pp, p — pp. O

Now we present another uniqueness theorem, assuming that the density depends linearly on theydriable case the
density of the rest state can be uniquely determined.

Theorem 3. Let are given the total mass M, the periodicity cElj the volume V, the value of external presspgeand the value
of the density on the free boundapiyc = A, A € (0, M/V). Then there exists a rest stafg with plane free boundary”
posed by the equatiarg = ¢, = V/| X| = h, the density;, = c¢1x3 + ¢2, where

AlZ| M|Z| M
Cl=2<7—7 , CZZZV_A’

and the pressure
8€1
Pb = Pe — > (X§ - hz) —gea(xz —h).

The rest stateS;, is the unique solution of problef2.1) in the class of regular solutions with densities linearly depending
on x3 and having the same valueon I'".
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Proof. By Theorem 1we have=0, p = p(x3), { =h=V/|X|. Letp, = c1x3+c2, ¢1 # 0. Under our assumptions it holds
the relation(c1x3 + ¢2)| = A, taking into account conservation of mass, we have for the coeffictgrstadco the following
system:

cith+cx=A,
h2
— h=—.
c1 > + c2 Iz
This system has a unigue solution
A M AlY M|X M M
c1=2|—— =2 ¥ _ Mi>] , cp=———-A=2——A.
h | Z|h2 1% V2 [Z|h %

Note, that under the assumptigne (0, M/ V), the densityp;, satisfies the natural conditions (0) > o, (k) > 0. We find
the pressurgy, from the Cauchy problem

dpp _ _
T —g(c1x3 +c2), Pb(h) = pe,
3

which has the following solution

Cc
Pb(x3) = pe =85 (¥ —h?) —geolsg—h). O

3. Stability of rest state

Now we consider the nonsteady free boundary problem in the periodic domain lying between thesptadand the free
surfacel’; which can be given by the equatiog = ¢ (x’, ). For inhomogeneous incompressible flows the problem is to find
the domain2; = {(x’,x3) | x’ € X, 0 < x3 < ¢(x’, 1)} filled by the fluid, the velocity vector field, the densityp, and the
pressure p — solution to the following problem

du
Py T HAU= —Vp—pgVx3, xe,

V-UZO, X € 82,
dp

— =0, € §2;,
dr * !

ux’,0,1) =0, x'ex, (3.1
Tn=(aH — pe)n, xely,
W,=u-n, xelz,

/p(x,t)dX=M, [§2:|=V,
2

where di/dr = du/ar + (u- V)u, by W,, we denote the velocity of the free boundary in the direction of the external normal

Under our assumptions= (—¢x, /v 1+ IV'¢|2, —;xZ/\/lJr IV'¢12,1/v/1+ V¢ 2T, hence conditioni3.1)g can be written
in the form

o¢ u-n e I;

—n3=u-n, x .

o3 !

Let us introduce the regularity class
Vi= {p(x, .U 0. 1( .0, p. 1) | pe CHR:). ue L2(0. 00t W2(20)) N L(0, 00; L3(20)).
h
neL®(0,T; W)™ (X)), Inl < 5 PE Cu(fzo}.
By ‘regular solutionswe denote solutions belonging to the class

Theorem 4. For any regular solution(p, u, & + n, p) of problem(3.1)the integral identity

d
E[Eu(f)+En(l)+ng3G(f)] + Dy(t) =0 (3.2
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holds, where

1 2
Eu(t)=§/p|u|2dx, En(z)=a/(,/1+|V/n|2—1)dx’, Dy =2u D), (3.3

2 p))

x3¢ (¢) is the third coordinate of the center of mass.
Proof. We multiply Eq.(3.1)1 by u, integrate oves?2;, and have

1d
o plul®dx = / (AU~ Vp) -udx —/ngxsudx,
2; 2 o
then we integrate by parts and obtain
1d
>q ,0|u|2dx+2,u/D:Ddx=/U~Tnds—/g,oVX3-udx=I+I|. 3.4)
2 £2; I; o
Boundary conditions imply
ViV

V’n
I=/(a’H—pe)n-uds=(x/V/~7mdx/—pg/ntdx/=—a —_—
7 a V14|V 4 Ev1+|V’n|2
t
d
=—o— 1+ Vg2 —1)dy/,
ag [Wiewmz-y
P

here we have used the conservation of volume, which give§,ug dx’ = 0. By virtue of (3.1)3 and transport theorem, term
Il can be written in the form:

dx d d d
Ih=—g pd—tsdx=—g/5(pxs)dX=—gE/pxsdx=—gMa(xsc(t))-
2

£ £

Substituting the obtained expressions into (3.4), we arrive at (3.2).
We integrate (3.2) in time and have

!
Eu(t)+E77(t)+ng3G(t)+/Du(f)df = Eu(0) + E;(0) + gMx35(0). m| (3.5)
0

In the next theorem we control the perturbation to density, to this end we make the further assumption that the basic density
pp(x3) is a linear function.

Theorem 5. Letu, =0, ¢, =h, pp(x3) = axz+b, pp(x3) be the rest state corresponding to the given volthand massV.
Assume that there exists a regular solution of probl@m): u, p = pp +0, ¢ =h+1n, p= pp + 7 in a domain having the
same volumé and for a fluid having the same total maks Then the following energy identity

d
E[Eu(t)+En(t)+Enl(t)+Ea(t)] + Dy(t)=0 (3.6)
holds, where

1
Eu(t)=§/pIUI2dx, Ea(t)=—%/02dx, a <0,

2 2

E,,(z)=a/(,/1+|V/n|2—1) dx’, E,,ﬂt):%/(a{*(x’,t)—l—b)r]z(x’,t)dx’, 3.7
P P

Dy =2u|DW)%,

¢* lies between h and + n.
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Proof. In the same way as in the proof of Theorem 4, we multiply E3j1)1 by u, integrate by parts, and use boundary
conditions, we arrive at

1d 2 . d 1112 /
sa [ AuPdir2e [DiDdr+ag [ (LR - Do

o 2 x
—/gprxS~de—/gUVX3~de=1+||. (3.8)
2 2
Let pp = ax3 + b with a < 0. From the continuity equation we get

do do
it Vo = — = —quna. 3.9
ar +u-Vo & auy (3.9
We multiply (3.9) by—o/a, integrate over?2;, and obtain
d [ o2
dr=—— | —dx. 3.10
,/u30 drJ 2a ( )
2 2
Hence,
d
Il =—g/an3 udx = ;; » /ozdx. (3.11)
2 2

By virtue of (3.1)2, (3.1)g, term | can be written in the form

x3
1=—g/prx3~udx:—g/V(/,Ob(Z)dZ> -udx

£ 2 h
2 2 3 2
tc—h , /‘ 10n ah oy bar]
_— by )y’ = — i M dx’
g/(“ 2 +”>"’ % T2 T2
P X

_ d 1 * 2 4./
- gdt/2<a¢ b2y, (3.12)
)

where¢* =h +1/3.
By virtue of (3.8), (3.11), (3.12), we get the integral identity

1d d
-~ 112 [l s ¥ k2. 2=
s [olPdrag [(/1ivme-1 +2dt/|a| +5 2 [ oneompar + 2]
X

2 )

which implies the desired energy identity (3.6)a

Corallary 1. Identity (3.6) implies stability in the mean. It means that we have control of the engrgyEy (1) + E; (1) +
Ep1(t) + Eq (1), representing a norm of perturbations. Namelyy) < E(0) for any positive t. In consequence of stability in

the mean and relatio(B.5), the termjé Dy (1) dr is bounded for any pdtsve t, and theL2 norm of the velocity gradient tends
to zero along a sequence of times. Consequently, along thiesee of times, the motion tends to the rest, and perturbations
to the height tends to zero.

4. Estimatesfor thefirst order derivatives
Let at the initial timen(x’, 0) = no(x’), u(x,0) = Ug(x), p°= p(x,0) = pp(x3) + O(x), where the initial perturbations

of the rest stateig, 1o, o° are sufficiently small. In this section we assume that there exists a solution of problem (3.1) with
the following regularity

ne (0,00 W22(20). me CHO.00 WHA(2)).  ue (000 WH(2)).

h
u e CHO.00s W1 2(20), Il <3, peCH@). peChE),
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and try to see what additional information about the behaviour of the solution we can have. In the first part we compute an
energy identity forL2 norms of spatial and time derivatives of perturbations to the velocity and to the height (see lemma), in
the second part we provide estimates for the above norms (see Theorem 6).

Lemma. Letu, =0, ¢, =h, pp(x3), pp(x3) be the rest state with volume V and mass M. Assume that there exists a regular
solution of problen(3.1): u, p = pp +0, £ =h+n, p= pp+m in adomain having the same voluriieand for a fluid having
the same total mas¥® . Then the following energy identity

d
EE-I—D:P(”) + P2 4+ PO L N, ) (4.1)

holds, where€ =&y + &, D=Du + Dy,

1
€u=§/,o< Z |Ux,|2+|Ut|2>dX+V0//0Ut Vidy + Z y,/,oux, Vi dr,
2

Qt i=12 i= 12

t
Ey= %(K(f) + K& 4 K(xZ)),
(4.2)

(xl / |V/77x, | + (lerlx,xz 77x277x xl) dx/ i=12
V@+V53)3

kO _ V0012 + (xy My — MagMixy)?

dx’
7,12)3 ’
] NGEa)

Y0, Y1, y2 are small positive number¥, € L°°(0, oo; W:l’z(Q,)) with 9V /dt € L°°(0, oo; L:Z(Q)) is an auxiliary vector field
constructed irff3], which satisfies the following conditions

VVZO, XEQI,
V(',0,1)=0
V.n|p =nng,

and the following estimates
, IVVIlLy2) < clnliwrz sy

3V
H E La(£2) - CH E Ly(X)
Dy =2u(|Dwn |? + [P [* + [Py ),
D’] — a(le(xl) + VZK(XZ) + )/OK(I))

p<xr>=—/ax, AL /axisz-(ux,. +yVerdr, i=12
2 24
p__ [, _ .
= /0; p (us + yoVr) dx g/a;Vx3 (us + yoVys) dx,
& &

N (u, ) contains nonlinear terms which do not dependsoand are given in the proof.

We give the proof of lemma in Appendix.

Note that under the assumption that the dengiig uniformly bounded in timeCy < p < C2, C2 > C1 > 0, the norms
Ul (200 IvPUllLy2,), IloUllL,(e2,) are equivalent to each other. The generalized engrgyey + £, becomes equivalent
to lux; I + Ul o2 + IVIell Lyz) + 1 Vx| Ly x) for the sufficiently small positiveyg, y1, 2. In what follows we
will sometimes use the designatidu| for the norm|lull,(o,). By virtue of the relationfx n(x’,t)dx’ = 0 and boundary
condition(3.1)4, L> norms ofy, u can be estimated with the help of Korn inequality and embedding theorems by the norms of
the derivatives. To simplify the estimates of the nonlinear boundary terms, we assume that

Ipxsl,  2u|D(uy)|<B, i=12 j=1,23 (4.3)

alVinyg 1, glVel,

whereg is a small positive number.
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It should be mentioned that the part of restrictions (4.3) is not necessary, it is possible to estimate nonlinear terms without so
strong restrictions, but, as our result cannot be improved in this way, we have all the assumptions (4.3) to avoid long calculations,
which are presented in [4].

Theorem 6. Let the initial data in problen{3.1) satisfy the following regularity conditions

noewSA®). pPeci@o. uoewii@o. ulew Ao,

the natural comptbility conditions, and the filowing smallness conditions
EWo ) =EO <z, Vo0, o) <EOS, (4.4)

with a sufficiently smalt and with some small positivie Assume that there exists a global regular solution of probf@rh),
satisfying condition$4.3)with a small positives ( for example, we can takg= 1/64), then

OGRS A(V)

for any r € [0, T], whereT > 0 depends on the initial perturbation of denSitW,oolle(g) and tends to infinity as this
perturbation tends to zero.

Proof. Let us deduce the energy inequality from the identity (4.1). Nonlinear term¥gin») can be estimated with the help
of Holder inequality and emdzlding theorems in the same way as dlage, for example, in [4]. Precisely,

’/P(Ux,- VU (Uy; + V) e | < elu; 12 VUl L0 (1Ux; I p(,) + 7illV s pc2)) < eDVE.

t

Because of the fact that
n)/f\i = (_nxlxi » T Nxpxi O)T’ nl{\ = (_nxltv —MNxat>» O)Tv

any boundary term iV (u, n) contains at least three multipliers and untiee assumption (4.3) can be estimatedddy, or
¢D~/E, By virtue of (3.1)3, the second term i?(*) can be written in the forng /S?f u-Vo(us +yoVy) - Vxzdx and, under the
assumption (4.3), estimated bg¢&.

The main difficulty is in the estimation of the termB™i). As a consequence of the equati®tip, = 0, we have
do /dx; = dp/dx;. Let us introduce the Lagrangian coordinatesonnected with the vector field: x = & + fé u(, r)dr.

As it is proved in [9], under our regularity assumptions, for giveand o2, the problem

ap
5T Ve=0 pnl—o=p"w)
has a unique solution

p(x, 1) = p°(E(x, 1)),

and the estimate
t
Vep(e, 0] <elVer® ey |exp(/ |Vu|oo<r)dr>
0

holds true. Hence, by the help of Hélder inequality, we obtain

t
‘/ax,.wg-ux,dx‘</!px,.(x,t)||w3~ux,-|dx<c/|Vgp°(s(x,t))|exp(/|Vu|oo(r>dr>|w3~ux,-|dx
2 2 24 0

t t
< cexp( / [VUloo (7) dr) 1V0°l Ly IUxi o2y < cexp( f IVUloo (7) dr) 1Ve°l L) VE. (4.5)
0 0

It is clear that the other terms i) are estimated in the same way.
We point out that because of the presence of the teRfis), even under the very strong regularity and smallness
assumptions, we are no more able to derive a priori estimates similar to those obtained in [4] for the case of compressible
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fluid. In our case, if we estimate all the terms at right-hand side in a way described above, for sufficiently small positive
numbersyg, y1, y2, wWe arrive at the inequality

t

dg 1 0

T +D< ED—I—C«/E(D—I—exp(/ |Vu|oo(r)dr> [Ve ”L2(9)>' (4.6)
0

It is worth to remark that there is no estimate for the perturbati@f density, and this will create the major difficulty in the
sequel. Note also that, as we are going to derive the estimates under the smallness assumptions, we can be sure that at least
<1 D<1.
From the explicit formula (4.2), we can conclude tfak vD, v > 0, and, under a suitable smallness assumption, derive
from (4.6) the estimate

dae

t

0

5 tAE< Azexp(/ |VUloo () dr) 196°] Ly VE (4.7)
0

whereA;, A, are positive constants. This estimate allows us to prove only the control of the eéhésgthe initial data on
some finite interval of time.

We introduce the notatiory = +/£. Under our regularity assumptions(s) is a continuously differentiable function.
Inequalities (4.4) and (4.7) imply

1
23—? < Azexp(/ IVuloo(f)dT>5Y(0) — A @,
0

Under our regularity assumptiond/u| is a bounded function, let

[VUloo(T)] < A3
for T > 0. Let the number T satisfies the inequality

1

T<—In—. (4.8)

If we assume that
max y(t) = y(t¥), 4.9

te[O,T]y() y(™) (4.9)

wherer* > 0, then for anyr € [0, t*] it holds the inequality () < y(¢*). Because of (4.8), (4.9), we have
t*

Azexp</ [VUleo (7) dT) 5y(0) < Aze*37 5y(0) < Az%ay(O) <Ay ().
2
0

As a consequence,

dy
dr

t*
< %(AzeXIO(/ [VUloo(7) df) 8y(0) — A1y(t*)> <0
r=t*
0

It means that there is a left neighborhood of the poinivherey(¢) > y(t*) and we have contradiction with assumption (4.9).
This allows us to conclude that

max y(t) = y(0),
te[O,T]y( )=y0
which obviously implies the desired estimate
EM<KEWO), tel0,T],

whereT satisfies restriction (4.8).0
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In the case when the rest state density is a linear functige: ax3 + b, we can take into account identity (3.6). Obviously,
the term(—% Es can be written in the fornfﬂt o Vx3-udx. To estimate this term, we use conditi811)3, which implies

do u.v
—=—u- = —aus.
dt Pb 3

Consequently, in Lagrangian coordinates connected with the vectoufield have

t

O’(E,I)ZO’(S,O) —(l/u?,(é,f)df,
0

and
t

712, < Io0loc, g + Il [ izl .
0
Thus, we add (3.6) to (4.7), and have

ag*

t
5 TAIET< ;<exp</ |Vu|oo(t)dt> 1Vl ) + |00]00>x/g, (4.10)
0

where
EX=E+Ey+Ep.

It is clear that on the base of inequality (4.10), in the same way as Theorem 6, the following result can be proved.

Theorem 7. Let p, = ax3 + b, all the assumptions of Theoresrhold true, and, moreover, the following estimate takes place
0 0
[VoZl Ly) + 10| < €78,

wheres > 0 is a sufficiently small number.
Then, under assumption on existence of a global regular solution to praBidmwe have

EX(1) <EX(0)
foranyr € [0, T], whereT > 0 depends on the initial perturbation of denSIifV,oOIILZ(_Q) + 109 and tends to infinity as this
perturbation tends to zero.

Remark. Let us stress the fact that if the basic stratification is homogeneous (the density is equal to a constant), and we perturb
the density only on the horizontal directions, we have prowezhg to the rest only for the velocity and the height. The density
distribution might not decay to the basic uniform one!
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Appendix

Proof of lemma. We take derivatives with respecttp, i = 1, 2, of all the equations in problem (3.1)

du duy;
Ox; a + 1Y ar + Ux,- -Vu ) — MAuxi = _Vpx,' - UX,'gvx:Sv X € 9[7

V.uy, =0, x e, (A.1)

- 4 Uy, - V(pp +0) =0, x e
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We multiply (A.1) by uy,, integrate oves2;, and arrive at

/,odux" -uxl.dx—i—/,o(ux,.-V)u-ux,.dx—u/Auxi Uy, dx

d
/ g U det ooy
24 2 2 2
= —/Vpxl Uy, dx —g/ax Vx3 - Uy, dx (A.2)
2 2
We take derivatives with respect g, i = 1, 2, of the boundary conditions in problem (3.1), taking into account that the
free boundary’; is posed by the equatiory = ¢ (x1, x2, ). Condition(3.1)5 implies

(A.3)

2uD(u)ny; +2uD(Uy; )N + 2uD(Uxy)NSx; = (@H — pe + p)Nx; + (ag + px; + pngxl>
1
We differentiate the identity|n||2 =1 with respect tar; and see thah,, - n = 0, consequently, fron{3.1)s we have

-D(u)n = 0. Multiplying (A.3) by the vecton, we obtain
(A.4)

oH
Dx; = 2uN - D(Uxx)NEx; — Pxgln; — 0‘7 +2un - D(Uy;)N.
l

Because of (A.B), (A.4), with the help of integration by parts, we obtain the following relation

/ (LAUy, — Vpy,) - Uy, Ox = —ZM/ D(uy,) : D(uy,) dx + / Uy, - (—px; N+ 2uD(uy,)N)

2 2 I
= —2u| D) | + B + BY,
where

oW _ [9IH ,

Bl = a—Xin~Uxi db,

" 4 (A.5)
Bz’ =/PX3Cx,-n'Ux,- ds _2M/le' NN - D(Uxg)NEy; ds +2/,L/ (ux,. —(n-ux,.)n)~D(uxl-)nds

I

I; I;
i =u-n", =1+ |V/n|%n and take

At first we consider the terrB(’) We rewrite condition3.1)g in the formn; = u - n”, wheren”

derivatives with respect tg;, we have

A A A
Ntx; = Uy; - N +ux3'n V]xi‘l'u'nxi,

consequentIyB(’) reads

i 0 0
B(l)=a/—HnA~ux.dx/=a/—Hntx-dx/—a/—Hu n dx/
1 i i
ax; ax; ax;
P P

/—um "y, d' = BY) + BY + BY.

In the termB.?) we integrate by parts and use the periodicity condition, we have

v/ v/
Yl)—“ V(e Vg = V- (e V- Vi, 10 { O
Vitvg2/) NEENGE A

/ Vi - Vi Vnzx, a4 /V’n(V’n-V’nx,-)V’nxit
X X
o
2

V141V W1+IV?)3
Vil o /W’nx,FV’n VG s /V’n-V’nxiV’rJ'V’mx,- &
L Ja+vaRs

a [0
N 11V
L1+ Vn2 L VarvR?®
_ ad / WVl e / 1 (V0 V') = V" PV V' = 2V V0 Vg Ve
24 v/l 2 1+ V1123
L Vit vin2 J VA+Vn?)
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IV/ 1, [P(L+ [V 112) = (V- Vi )?

o d /‘ (i)
2= dx’+B
2drJ VA+ V23
o d |V/77x,~|2+(71x17]x,-x2—szrlx,-xl)z 0 ad (x) 0
=—0— + By =—->—KY + B,
2 d V@ V)3 2 dr
)
where
g _¢ /—IV’ 5|2V - V' —2V/n - V’nx,v ma - V'm /(V’n V/nx)?V' - V’nt A6)
1“2 JA+ V123 2 JA+ V128

In order to obtain the dissipative term corresponding to the perturbatiom the height of the layer, we use the idea of
introducing a generalized energy [3,5] atted auxiliary vector field constructed iB][ It is proved in [3] that there exists a

vector fieldV e L*°(0, oo; W (Qt)) with a9V /9t € L°°(0, oo; LZ(Q)) which satisfies the following conditions
V.V= 0, X € QI»
V(x',0,t)=0,
V.n|p, =nngz,

and the following estimates hold true:

AYA

ot

We multiply Eq. (A.1) by the auxiliary vector field/ differentiated with respect tg;, integrate over2;, and integrate by
parts, we obtain

; IVVIiL,2) < clinllwiz sy

\C .
La(£2) H I Nl Loy

d dVy, du
//OE(UX,- 'Vx,-)dx_/,oux,- : dtxt dx"‘/ax,-a'vxidx‘f'/p(ux,- 'V)U'indx+M(D(Uxi),Vin)
2 2 2 £

=/in . (,uD(uxl.) - Ipxl.)n ds — g/axi Vx3 - Vy, dr. (A.7)
I 2
Differentiating the boundary conditiov - n” |, = n with respect to;, we have

Vy, -

i

A A A
n =77x,'_v'nxl-_vx3'n ;x,-»

so, with the help of relation (A.4), we can write the boundary term in the right-hand side of (A.7) in the form

/Vx,- ) (MD(Ux,-) _ |pxl.)nds _ —a/ |V/71xl| + (Nxy Mxixp — Nxalx; xl) d’ + D(z)

V1+IVn?

Iy )

where

, 9
p¥ =—“/a—?:(v'“2 +VX3~nA§x,-)dx’+/pX3<:x,-n-Vx,- ds
l

b)) I;
— M/in - D(Ux)NEy; ds +M/ (Vx; = (n-Vy)n) - D(uy;)nds. (A.8)
I; I

We multiply (A.7) by the small number; > 0 and add to (A.2), taking into account the calculations for the boundary terms
which is done above, we have:

1 ad ) d 2 )
= | plunPdv+ 35— K“‘”w@/puxi Vi de o+ 2 [ D) | + yie K 0 + 2uy; (D(Uy), DVx,))
2 £
= PO) 4 RO 4 BY 1 B 4 BY) + B 4 5,0, (A.9)

where
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i dv,,
R(l)=—/,0(ux,~ 'V)u'(uxi +ViVx,-)dx+)’i/,0Ux,~ Fx'dx»
2 2

@) oH @) oH
Bllzz_a/a_xiu.n;\i dx/, Blls——a/a—XiU)%'n/\gxi dx/,
X X

the termBi’) is given by (A.6), B(') are given by (A.5)D®) are given by (A.8), and %) by (4.2).
Let us take a derivative with respect to t of all the equations in problem (3.1), we have:

dr dr
V'U[ZO, X € £, (AlO)

du du;
ot—+p + U - VIU ) — uAUs =Vpr —01gVx3, X €82,

dO’t
E‘FUpV(,Ob-I—U):O, X € §2;.

We multiply (A.10) by u;, integrate over2;, and arrive at

/U[?j—l;~u[dx+/ % U[d.X‘I'/,O(U['V)U~Uth—M/AUt'U[dX

24 24 2 2
—/Vp~u;dx—g/0tVX3~utdx. (All)
2 2
Because of (A.10), with the help of integration by parts, we obtain
/ (MAUI — Vp[) - Uy dx = —2/1// D(U[) . D(U[)dx + / U - (—ptn +2MD(UI)n) ds. (A12)
o 2 I;
We take a derivative with respect t@f the boundarcondition(3.1)5, and have

oH
2uD(u)n; + 2uD(Us)n + 2uD(Uxz)Ng: = (@H — pe + p)n; + (aﬁ +pr + px3§;)n.
Because of the fact that - n =0, it implies

oH
m=2mewmma—pma—a37+am~mwm. (A.13)
Taking a derivative with respect toof the boundarncondition(3.1)g, we obtain
U NN =7 —U-NY —Uyg - NG (A.14)

We substitute (A.13), (A.14) in the boungaerm obtained in (A.12) and apply tsame procedure as above for the term
(’) , this gives us the following relation

/ (LAU; — V) - up dx

2

IV/ 1] + (MxyMtxp — nxzmxl) a4+
VA V23

8 1 BY) + BY + BY) (A15)

od
=-2ufowl’- 55 [ B,
b

Bg) = / px3§,n - Uy ds — ZM/ us -nn- D(ux3)n§, ds + ZM/ (Ut —(n- u,)n) -D(us)n dS,
I I n
/ (V- V'0)3 = |V P+ V12V g - Vg

V(L+1V'n]?)®

oH oH
Bi’g:—a-/‘?u n/ dx’, B§2=—af—ux3 n"g dx'.
b

dv’, (A.16)

ot
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To obtain the dissipative term with they norm of |V'n,|, we multiply Eq. (A.10) by the auxiliary vector fieldv
differentiated with respect to, integrate over2;, and use the same scheme as above for the derivatives with respect to
As a consequence, taking into account (A.11), (A.15), we obtain

1 d o d 2
5 | PwlPdetrog / pur - Vidv+ 5 = KO +ayoK © +2u D) |* + 2ur0(Dwn), D)
2 2
— PO+ RO 4+ BY 1 ) + BY) + BY) + oD, (A.17)
where

dv
R(t)=—/,0(Ur-V)U~(Ut+VOVt)d—X+VO/PUt'd_ttdx’ ¥0 >0,
2 2

the termsB,E’) are given by (A.16), and ) by (4.2),

aH
D(’)=—a/W(V-nf—f—vm-nAgt)dx/—i—/pm;;n-V; ds—ZpL/V; -D(Uxz)Ng; ds
b L I

+ 2;1/ (Vi = (n-Vyn) - D(u;)nds.
I;
Taking a sum of (A.9), (A.17) we arrive at (4.1), with

N, =RD 4+ R? 4+ RO 431 DD 49,D® 4 9o0® 4 BV 4+ P 4 B

Q1 2 (1) Q1 2 (1) Q1 2 (1)
+Bip +Byy + By + Biz + Byg + B3+ By + By + By,

which completes the proof of lemman
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